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AN INVOLUTION ON THE QUANTUM COHOMOLOGY RING
OF THE GRASSMANNIAN
HARALD HENGELBROCK
Abstrat. For a Fano manifold M, omplex onjugation denes a real invo-
lution on the quantum ohomology ring QH∗(M,C). For the Grassmannian
we identify this involution with an expliit transformation on Shubert lasses
dened over the integers. It is a omposition of a power of the yli ation
reently dened by Agnihotri and Woodward with Poinaré duality. The exis-
tene of the involution has been observed independently and from a dierent
point of view by Postnikov (math.CO/0205165).
1. Introdution
The quantum ohomology ring of the Grassmann varieties has been the subjet
of many reent studies, sine it is related to dierent branhes of mathematis, and
thus displays a rih mathematial struture. One of its features is its semisimpliity,
that is, as an abstrat algebra over the omplex numbers it is isomorphi to the
oordinate ring of a nite set of redued points.
Now any permutation of the losed points of SpeR indues an automorphism
of the quantum ring. It turns out that the natural permutation given by omplex
onjugation of the points of SpeR has a meaning in terms of Shubert lasses.
Indeed, it even denes an involution of the quantum ring over the integers. This
involution is seen to be strongly related to Poinaré duality of the lassial oho-
mology ring. The surprising fat is that, ombined with an ation reently dened
by Agnihotri and Woodward in [1℄, Poinaré duality is a ring automorphism.
In Theorem 2.4 we prove that a given expliit transformation of Young diagrams
indues an involution on the quantum ring. The seond part is devoted to the proof
that this involution is nothing but omplex onjugation on the funtion level.
2. The involution
For basi fats about the small quantum ohomology ring of Grassmannians we
refer to [2℄ and the referenes therein.
Notation 2.1. Let G = G(k, n) denote the Grassmannian of k-planes in Cn. Set
l := n−k. For a Shubert lass S let Sˆ denote the Poinaré dual of S. This operation
extends additively to general lasses. H∗(G,Z) is the lassial ohomology ring,
while QH∗(G,Z) denotes the quantum ohomology ring of G with oeients in Z,
where the onstant q of the standard denition is set to 1. Produts in QH∗(G,Z)
will be denoted by a `∗', while `∪' is used for the lassial produt. Three point
invariants will be written in the form 〈A,B,C〉 for Shubert lasses A,B,C.
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A Shubert lass Sλ is often represented by its Young diagram λ = (λ1, . . . , λl).
Denition 2.2. Dene an involution S → S on the H∗(G,Z) by the following
rule:
Let λ = (λ1, . . . , λl) be a Young diagram orresponding to a Shubert lass S. Let
dλ be the largest i with λi ≥ i. Then S is the Shubert lass orresponding to the
Young diagram µ = (µ1, . . . , µl) dened by
µi =
{
dλ + k − λdλ−i+1 : i ≤ dλ
dλ − λl−i+dλ+1 : i > dλ.
Graphially, dλ is the width of the biggest square inside λ, and µ is obtained
by dualizing the sub-diagrams in the upper left and lower right retangles in the
subdivision given by drawing lines on the outer border of the square.
Two corresponding Young diagrams
Again, this operation extends linearly to general lasses.
As heked in the following Lemma, this denition is equal to the operator
S → ĉkS, where ck is dened as in Chapter 7 of [1℄:
The operator c is given by quantum multipliation with the Shubert lass or-
responding to the Young diagram C = (1, 1, . . . , 1), and ck orrespondingly by
multiplying with the k-th power of C. Powers of c give a Z/n ation on QH∗(G,Z)
([1℄, Proposition 7.2.).
Remark. Ck is represented by the diagram (k, . . . , k), whih is the lass of a point
on G(k, n).
Lemma 2.3. The operator S 7→ S equals S 7→ ĉkS.
Proof. For a Shubert lass S given by (λ1, . . . , λl), set λ
i = k + i − λi. In the
notation used in [1℄, the Shubert lass is then expressed by (λ1, . . . , λl). In this
notation, ckS is represented by
η = (λdλ+1 − k, . . . , λl − k, λ1 − k + n, . . . , λdλ − k + n)
([1℄, beginning of Chapter 7, the number m is exatly dλ, and [1℄, Proposition 7.2.).
As a Young diagram, ckS is represented by (µ1, . . . , µl) with
µi = k + i− ηi =
{
k − dλ + λdλ+i : i ≤ l − dλ
−dλ + λdλ−l+i : i > l − dλ.
But this is just the Young diagram of the Poinaré dual of S.
Theorem 2.4. The involution operator dened above respets the quantum prod-
ut: for A,B ∈ QH∗(G,Z) the formula A ∗B = A ∗B holds.
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Proof. Due to assoiativity and linearity it is enough to show this equation for a
Shubert lass A and B = σr , where σr orresponds to the diagram (r, 0, . . . , 0),
sine the σi generate the quantum ring. Using the denition of the quantum prod-
ut, write
A ∗B =
∑
〈A,B, T̂i〉Ti
where the sum runs over the Shubert basis, and
A ∗B =
∑
〈A,B, T̂i〉Ti =
∑
〈A,B, T̂i〉Ti.
Comparing the oeients we nd that the laim is equivalent to the following
equation of invariants:
〈A, σr , Sˆ〉 = 〈A, σr, Ŝ〉
for all A,S, r. But
〈A, σr, Ŝ〉 = (A ∗ Ŝ) ∪ σr,
and A ∗ Ŝ = ĉkA ∗ ckS = cn−kAˆ ∗ ckS = Aˆ ∗ cnS = Aˆ ∗ S. Here the third equality
omes from the ommutativity of the quantum produt and the seond equality
omes from the fat that A = A, whih implies
ĉkA = cn−kÂ.(2.1)
We see that 〈A, σr, Ŝ〉 = 〈Aˆ, S, σr〉, so it remains to show that
〈A,S, σr〉 = 〈Aˆ, Sˆ, σr〉.(2.2)
Let A and S be given by Young diagrams (a1, . . . , al) and (s1, . . . , sl). The (quan-
tum) Pieri formula states that 〈A,S, σr〉 is zero exept for two ases ([2℄, Example
2 and [3℄, Setion 4), where it takes value 1:
deg A+ deg S + r = kl with
{
ai + sj ≥ k : i+ j = l
ai + sj ≤ k : i+ j = l + 1
(2.3)
deg A+ deg S + r = kl+ n with
{
ai + sj ≥ k + 1 : i+ j = l + 1
ai + sj ≤ k + 1 : i+ j = l + 2
(2.4)
If these degree onditions do not hold, the same will be true for Â , B̂ and σr .
We an therefore assume deg A+ deg S + r = kl + an, a ∈ {0, 1}.
We an write σr, given by the diagram (k−r, 1, . . . , 1), as c
1σk−r . The denition
of c and ommutativity yield
〈Aˆ, Sˆ, σr〉 = 〈Aˆ, Sˆ, c
1σk−r〉 = 〈Aˆ, c
1Sˆ, σk−r〉.
In ase (2.3) it follows that deg Aˆ+deg Sˆ+deg σr = (kl−degA)+(kl−degS)+
(n− r) = 2kl+ n− kl = kl + n, while the onditions on A and S beome{
a′i + s
′
j ≥ k : i+ j = l + 1
a′i + s
′
j ≤ k : i+ j = l + 2,
(2.5)
where the a′i and s
′
i give the diagrams for Aˆ and Sˆ.
Let us now look at s′1. If s
′
1 < k, the dual Pieri formula ([2℄, Proposition 4.2)
yields (c1Ŝ)i = s
′
i + 1, where (c1Ŝ)i means the i − th omponent of the Young
diagram orresponding to c1Ŝ. Our onditions (2.5) beome exatly the onditions
4 HARALD HENGELBROCK
of the Pieri formula for the invariant 〈Aˆ, c1Sˆ, σk−r〉 to be nonzero. This implies
equation (2.2).
If s′1 = k, the quantum dual Pieri formula yields (c
1Ŝ)′i = s
′
i+1. The onditions
(2.5) then result in the lassial Pieri onditions for 〈Aˆ, c1Sˆ, σk−r〉, so that equality
(2.2) holds.
The ase (2.4) implies deg Aˆ+ deg Sˆ + deg σr = kl, and the onditions{
a′i + s
′
j ≥ k − 1 : i+ j = l
a′i + s
′
j ≤ k − 1 : i+ j = l+ 1.
Write again 〈Aˆ, Sˆ, σr〉 = 〈Aˆ, c
1Sˆ, σk−r〉 and note that s
′
1 < k by the rst ondition
on the ai and si in (2.4) above. As above, this implies
(c1Ŝ)i = s
′
i + 1,
so that, as in the rst ase, the statement follows by the Pieri formula.
Corollary 2.5. For any lasses A,B,C ∈ QH∗(G,Z) the following equalities hold:
̂(A ∗ C) = Â ∗C
〈A,C,B〉 = 〈Â, Ĉ, B〉.
Proof. Consider Â ∗ C = Â ∗ C ∗ cn−k ∗ ck = A ∗ C ∗ ck = ckA ∗ C = Â ∗ C, where
we use 2.1 and the Theorem. In terms of GW-invariants, this results in∑
〈A,C, Ti〉Ti =
∑
〈Â, C, T̂i〉Ti,
where Ti ranges over the Shubert lasses. We obtain the seond equality by om-
paring the invariants and expressing B in the Shubert basis.
We now onsider the quantum ohomology ring over the omplex numbers. Set
R := QH∗(G,C). The spae Spe R onsists of dim R redued points, that is,
R is a semisimple algebra over the omplex numbers ([4℄, Theorem 4.6). The
points of SpeR will be onsidered as embedded into omplex ane spae. Using
the isomorphism of the loal rings with the omplex numbers, we may regard the
ohomology lasses as omplex funtions on SpeR. We wish to show that, on this
level, our involution is given by omplex onjugation.
Denition 2.6. For any ohomology lass C ∈ QH∗(G,Z) dene φC to be the
endomorphism of the nite vetor spae QH∗(G,Z) indued by quantum multipli-
ation with C.
Proposition 2.7. For any ohomology lass C ∈ QH∗(G,Z) , the endomorphism
φC∗C is represented by a semipositve denite symmetri matrix with respet to the
Shubert basis. The ohomology lass C ∗ C denes a real-valued positive funtion
on SpeR.
Proof. Symmetry of the map φ is equivalent to the following statement: for any
two Shubert lasses A and B we have
A ∗ C ∗C ∪ B̂ = B ∗ C ∗ C ∪ Â,
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that is, the oeient of B in the produt A ∗ C ∗ C is the same as the oeient
of A in the produt B ∗ C ∗ C. To prove this, onsider
A ∗ C ∗ C ∪ B̂ =
∑
〈A,C, T̂i〉〈Ti, C, B̂〉
=
∑
〈Â, C, Ti〉〈T̂i, C,B〉 = B ∗ C ∗ C ∪ Â,
where the sums run over the Shubert basis. The seond and third equalities are
derived from the denition of the quantum produt, while the seond uses Corollary
2.5.
For semipositivity, given an arbitrary ohomology lass K, we show that
K ∗B ∗B ∪ K̂ ≥ 0.
We write again
K ∗B ∗B ∪ K̂ =
∑
〈K,B, T̂i〉〈Ti, B, K̂〉 =
∑
〈K,B, T̂i〉〈K,B, T̂i〉 ≥ 0
where the seond equality uses Corollary 2.5.
The last statement now follows, beause a omplex value of C ∗C on some point
p of SpeR would indue a omplex eigenvalue of φ with eigenvetor the funtion
taking value 1 on p and 0 on the other points.
Lemma 2.8. Consider C as a omplex funtion on SpeR. C vanishes on some
point p if and only if C does.
Proof. Assume C(p) 6= 0 but C(p) = 0. Consider A := C − C . The value of
A ∗ A on p is C(p)2. But, sine A is anti-invariant, A ∗ A = −A2. This implies
C(p)2 = −C(p)2, a ontradition.
Lemma 2.9. Let C be any ohomology lass over Z , C = a+ib with real funtions
a, b. Then there exists a real positive funtion r with
C = r(a − ib),
and C ∗C is a real funtion on SpeR.
Proof. Consider a point p ∈ SpeR . If C(p) is zero, so is C(p) by the preeeding
Lemma. Otherwise, C ∗ C(p) is real and positive by Proposition 2.7.
Remark 2.10. The funtion r is nonzero wherever C is nonzero, sine C = C.
Proposition 2.11. The funtion r of Lemma 2.9 an be taken to be identially 1
on SpeR.
Proof. Take a Shubert lass S = a + ib, S = r(a − ib) as in Lemma 2.9. We rst
treat the ase b(p) = 0 for p ∈ SpeR. It is enough to show that B := S − S =
a − ra = 0 on p. But if B(p) 6= 0, the real funtion B ∗ B = −B2 would take a
negative value, ontraditing Proposition 2.7.
Now set A := S + S = c + id, with c, d real. Then, again by Lemma 2.9,
A = r′(c − id), with a real funtion r′. First, note that c must be nonzero on
all points p where d is, sine otherwise A ∗ A = A2 = −d2 at p, ontraditing
Proposition 2.7. But A = A, so that c+ id = r′(c− id). It follows that d is always
zero, and that r′ is identially 1 where A is nonzero. Thus, for points p ∈ SpeR
with S(p) 6= 0, from the identity d = b − rb = 0 with b(p) 6= 0 we dedue that
r(p) = 1.
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Theorem 2.12. The involution S → S is, at the funtion level, equal to omplex
onjugation.
Proof. Immediate from Lemma 2.9 and Proposition 2.11.
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